Abstract-Recent wavelet research has primarily focused on real-valued wavelet bases. However, complex wavelet bases offer a number of potential advantageous properties. For example, it has been recently suggested that the complex Daubechies wavelet can be made symmetric. However, these papers always imply that if the complex basis has a symmetry property, then it must exhibit linear phase as well. In this paper, we prove that a linearphase complex orthogonal wavelet does not exist. We study the implications of symmetry and linear phase for both complex and real-valued orthogonal wavelet bases. As a byproduct, we propose a method to obtain a complex orthogonal wavelet basis having the symmetry property and approximately linear phase. The numerical analysis of the phase response of various complex and real Daubechies wavelets is given. Both real and complex-symmetric orthogonal wavelet can only have symmetric amplitude spectra. It is often desired to have asymmetric amplitude spectra for processing general complex signals. Therefore, we propose a method to design general complex orthogonal perfect reconstruct filter banks (PRFB's) by a parameterization scheme. Design examples are given. It is shown that the amplitude spectra of the general complex conjugate quadrature filters (CQF's) can be asymmetric with respect the zero frequency. This method can be used to choose optimal complex orthogonal wavelet basis for processing complex signals such as in radar and sonar.
Both the continuous wavelet transform (CWT) and Fourier transform are defined for signals that are complex as well as real. The basis functions of the Fourier transform are the complex exponential functions, and the FFT is equivalent to implementing a bank of bandpass complex-valued filters. Similarly, the short time Fourier transform (STFT) is equivalent to implementing a bank of bandpass complex-valued filters having equal bandwidths. The mother wavelets of the CWT are often complex-valued functions, such as the Morlet wavelet and the Gabor wavelet, etc. Present theory and techniques have already shown that these approaches are better able to handle complex signals such as in radar and sonar applications [15] [16] [17] . Therefore, adopting complex filter banks and associated wavelet bases for similar applications is a natural choice. For example, in radar and sonar applications, the complex I/Q orthogonal signals can be processed with complex filter banks rather than processing the I/Q channels separately. Therefore, the complex orthogonal wavelet may prove to be a good choice since it will allow us to process both the magnitude and phase simultaneously.
Recently, a few authors [1] , [2] , [18] [19] [20] have studied complex-valued filter banks. The complex Daubechies wavelet and some applications were discussed in [1] , [2] , [18] , and [19] . In [1] , the symmetric complex Daubechies wavelets were constructed. These wavelets are used for image coding applications in [2] and showed better compression performance than asymmetric wavelets. The parameterization of complex Daubechies wavelets is developed in [18] . The symmetric complex Daubechies wavelets were also used in stereo image matching in [19] . It is shown in these papers that the complex Daubechies wavelet can be symmetric, whereas the real Daubechies wavelet cannot. However, all these authors seem to be confused about the symmetry property of the filter with its linear-phase response. They always imply that if the complex basis has a symmetry property, then it must exhibit linear phase as well. Symmetry and linear phase are often critically important filter constraints. The symmetry property of the filter makes it easy to handle the boundary problem for finite length signals [14] . The linear-phase response of the filter precludes the nonlinear phase distortion and keeps the shape of the signal [21] , which is usually important in image and audio signal analysis. They are both desired properties of a filter. In this paper, we prove the impossibility of a linear-phase complex orthogonal wavelet. However, a method to achieve both symmetry and approximate linear phase on a complex Daubechies wavelet is proposed. Along the way, we present numerical analyses of various interesting phase properties of Daubechies wavelets.
We also propose methods for designing general orthogonal complex PRFB's and give design examples. It is shown that the general complex conjugate quadrature filter (CQF) has a very flexible frequency response. The amplitude-frequency responses of the general complex CQF's can be asymmetric with respect to the zero frequency, whereas the symmetric complex CQF's and real CQF's must have symmetric amplitude-frequency responses. This property can be useful when processing complex-valued signals, such as radar and sonar I/Q orthogonal complex signals with Doppler phase shift. For example, the moving target detector (MTD) is usually a specific type of complex-valued filter bank with asymmetric amplitude spectrum. In any Doppler processing application, the positive and the negative frequencies have a different meaning. Therefore, a filter must be able to distinguish between the positive and negative frequencies. Hence, the complex filters with asymmetric amplitude spectrum promise to be very useful for processing these complex signals.
This paper is organized as follows. In Section II, compactly supported symmetric orthogonal complex-valued wavelet bases are discussed, and implications of the linear phase property are explored. Numerical analysis of the phase response of various Daubechies' orthogonal scaling functions is also presented, and the results are compared. In Section III, the design of general orthogonal complex PRFB's and associated orthogonal complex wavelets are proposed, and some examples are given. We conclude the paper in Section IV.
Notations: Some notations used in this paper are shown here. The bar or superscript "*," such as or , denotes the conjugation.
or 
II. COMPACTLY SUPPORTED SYMMETRIC ORTHOGONAL COMPLEX-VALUED WAVELET BASES

A. The Symmetry of Compactly Supported Orthogonal Wavelet Bases
Daubechies has shown that all compactly supported real orthogonal wavelet bases and their associated CQF FB's are neither symmetric nor antisymmetric, except Haar functions [22] , [23] . Lawton [1] and Lina et al. [18] showed that it is possible to have the symmetry property for a complex Daubechies wavelet. In addition to their results, we show the relationship between compactly supported real orthogonal wavelet bases and compactly supported complex orthogonal wavelet bases. This is given as follows.
Proposition 1: The scaling filter in CQF PRFB associated with the dyadic compactly supported complex orthogonal wavelet basis cannot be antisymmetric.
Proof: The length of the scaling filter in CQF PRFB associated with the dyadic compactly supported orthogonal wavelet basis must be even [13] , [22] . Therefore, assuming is antisymmetric, i.e., , we have . In addition, it is known [3] , [13] , [22] that . Therefore, the assumption of antisymmetry does not hold, i.e., cannot be antisymmetric.
Since the scaling function and the scaling filter have the same symmetry property [13] , the associated scaling function cannot be antisymmetric either. More generally, if complex CQF PRFB's have any symmetry property, then they can only be symmetric and not antisymmetric.
Theorem 1: If there exists a symmetric complex-valued CQF PRFB, then there also exists a corresponding real-valued CQF PRFB having scaling filters with identical amplitude spectra.
Proof: According to the Daubechies method for the construction of real compactly supported orthogonal wavelet basis [22] , [23] , let (1) where is the scaling filter. For to have regularity , should have the form (2) and should satisfy (3) where . Given the scaling filter for any symmetric complex CQF PRFB, and since , we have (4) Thus (5) i.e., its amplitude spectrum is an even function. Because is an even function, it can be written as a real-valued polynomial of . Furthermore, fulfills the required conditions of CQF since is a CQF.
Therefore, is also a solution of the Daubechies' equation (3) . Then, by using the zero decomposition method of Daubechies (see [22] and [23] ), we can find a scaling filter associated with a real CQF PRFB, whose amplitude spectrum is . In Theorem 1, it is shown that for every symmetric complexvalued CQF PRFB, there is a corresponding real-valued CQF PRFB. It has already been shown that the inverse proposition does not hold, for example, for some real Daubechies wavelets, it is impossible to find the corresponding symmetric complexvalued ones [1] , [18] .
B. Linear-Phase Property
As mentioned earlier, both symmetry and linear-phase response are often desirable properties of digital filters. However, a given symmetric filter does not necessarily posses a linear-phase response, i.e., nonlinear-phase distortion may still exist in the output signals of the filter. Strictly speaking, a digital filter is called linear phase only if its phase-frequency response is a linear function of , i.e., has the form , where is a constant. However, in engineering practice, a loose definition is often used [7] , [22] , i.e., a filter is said to have linear phase if (6) where complex constant; real number; real function of . This definition shows that the phase response of the filter can be piecewise linear with possible phase jump .
It is well known that if a real FIR filter is symmetric or antisymmetric , then the filter has the linear-phase property [7] , [21] . If an FIR filter has complex-valued coefficients, it can be shown (see Appendix A) that if is conjugate symmetric or conjugate antisymmetric , then the filter has linear phase. However, a general nonreal complex-valued filter does not have linear phase if it is symmetric or antisymmetric.
Then, the natural question follows: Can we construct compactly supported linear phase dyadic complex-valued wavelet bases? In response, we present and prove the following theorem.
Theorem 2: The compactly supported dyadic orthogonal complex-valued wavelet bases cannot be linear phase.
Proof: Proving this theorem is equivalent to proving that a linear-phase complex-valued CQF PRFB that fulfills the conditions [3] , [4] Just as in the real-valued case, it is clear from Theorem 2 that the linear-phase complex CQF PRFB does not exist. However, it is possible to design the complex symmetric CQF with approximate linear phase by the following method.
First, design the real CQF PRFB, assuming the real scaling filter is with length , and . In the domain, . Daubechies [22] , [23] and Smith et al. [11] showed that should have the form
where denotes the real zeros, and denotes the complex zeros. Its distribution of zeros is shown in Fig. 1 . This scheme is similar to the one used by Smith et al. [11] and Daubechies [22] for the real-valued case.
The above-mentioned method can be used to design not only Daubechies minimum compactly supported symmetric com- 
C. Numerical Analysis of Phase Property of Daubechies Wavelets
Some design results are presented in Table I for complex Daubechies wavelets. In Table I for ; therefore, there is only one decomposition method to derive symmetric . In Fig. 2 , the NSC and ALPSC scaling functions and wavelets when are shown. The solid line represents the real part, whereas the dashed line represents the imaginary part.
TABLE II LINEAR CORRELATION COEFFICIENTS OF THE PHASE RESPONSES OF DIFFERENT DAUBECHIES SCALING FUNCTIONS
The phase responses of different Daubechies scaling functions with are shown in Fig. 3 . The ALPSC is shown as the solid line; the NSC is shown as dashed line; In addition, the phase response of the corresponding normal real (NR) Daubechies scaling functions and the phase response of the approximately linear-phase real (ALPR) Daubechies scaling functions [22] are shown as dash-dotted and dotted lines, respectively. In this figure, the phase-frequency response of the scaling functions are calculated for 1024 samples and the range of . Since the scaling functions are lowpass, the range of is sufficient. Note that these phase responses are compensated by the phase jump of . The linear correlation coefficients are also calculated, as shown in Table II. From Table II and Fig. 3 , we see that the ALPR Daubechies scaling function possesses the best approximation to linear phase, and the NSC one has the worst linear phase: even worse than the normal real Daubechies wavelet. The ALPSC is a good choice if both symmetry and approximately linear-phase properties are desired.
In a recent paper [24] , Lina's independent work used another method to obtain symmetric Daubechies wavelets (SDW's)
, which give the same results as our ALPSC results using Daubechies wavelets. However, our ALPSC wavelets are more general; they can be any type of compactly supported orthogonal wavelets, including the Daubechies class.
III. THE DESIGN OF GENERAL ORTHOGONAL COMPACTLY SUPPORTED COMPLEX WAVELETS
As seen in Section II, symmetric complex CQF filters can only have the same amplitude spectra as real CQF filters. This implies that their amplitude spectra must be an even function. However, some applications require asymmetric amplitude spectra (with respect to the zero frequency) when processing the complex I/Q orthogonal signal. For example, the general Morlet wavelet has asymmetric amplitude spectrum. In this sense, the frequency response of the complex filter is more flexible than the real filter. Therefore, for some applications, design of the general orthogonal compactly supported complex wavelet may be necessary.
Designing orthogonal compactly supported complex wavelets is equivalent to designing the associated complex CQF PRFB's. In the following, we will develop a parameterization method of general complex CQF PRFB's that will be used to design complex CQF PRFB's.
A. The Parameterization of General Complex CQF PRFB's
The structure of -band FIR FB's is depicted in Fig. 4 . Analogous to the two-band case, for -band PRFB's, if filter satisfies
then can be the -band scaling filter associated with an -band multiresolution analysis and, therefore, can be used to construct -band wavelet bases [7] , [25] , [26] .
To develop the parameterization method of general -band complex CQF PRFB's. We will require the following Lemma. In the following theorem, we give the Householder decomposition of the -band scaling filter. Note that it is similar to the real -band scaling filter.
Theorem 3: Assume that is a scaling filter with length associated with -band complex orthogonal wavelet bases. Its transform can be written in polyphase form as (12) Define the polyphase vector as (13) Define the complex constant vector (14) Then, the Householder decomposition form (15) holds for , and (16) where (17) and is an complex vector that satisfies . Proof: Assume that ; then, its transform becomes (18) i.e., is a unitary polynomial vector. Hence [7] , we have (19) where is defined as (17) and . Using (17), we get (20) Since for we have (21) then . From (20) and (13), we get (22) Since , from Lemma 1, the solution of must be equal to in (14) . Since , using (13) and (22), we know (16) holds.
It is also easy to prove that the as in (14) and (15) satisfies the conditions of (9) and (10) .
By using this theorem, we can get the parameterization of the scaling filter associated with general -band complex orthogonal wavelet bases. We take the elements of vector in (17) as (23), shown at the bottom of the page, i.e., can be determined by angle parameters . After we get the scaling filter, we also can construct the other complex wavelet filters by the method in [26] .
Obviously, dyadic complex orthogonal wavelet bases are a special cases of the -band complex orthogonal wavelet bases, i.e., we can use the method in the above section by taking . Then, the wavelet filter can be simply determined by with filter length . Then, (23) becomes (24) 
B. Some Examples
In Table III , we give the coefficients of dyadic complex scaling filter with , which are calculated by (14) , (15) , and (24) . As an example, we fix and vary . Note that corresponds to a real Daubechies filter. The amplitude spectra of the scaling filters are shown in Fig. 5(a) -(e). The filters with various asymmetric amplitude spectrums can be designed by changing angle parameters. Similarly, the waveshape of the filter amplitude spectrums can also be adapted by changing the angle parameters .
For general compactly supported -band complex orthogonal wavelet bases and their associated complex orthogonal FIR CQF PRFB's [27] , we can also change the waveshape of the frequency response of filters flexibly by using the parameterization method expressed by (14) , (15) , and (23) . After the scaling filter is designed, then the method in [7] , [25] , and [26] can be used to construct other wavelet filters in -band complex orthogonal filter banks.
IV. CONCLUSION
In this paper, first we investigated the symmetry and linearphase property of compactly supported complex orthogonal wavelet bases and their associated complex orthogonal FIR CQF FB and proved that it is impossible to construct linearphase compactly supported complex orthogonal wavelet bases. However, both symmetry and linear phase are important and useful properties in practice. We proposed a scheme to construct the symmetric compactly supported complex orthogonal wavelet base with approximately linear phase. The phase response of different kinds of Daubechies scaling functions are analyzed numerically. It is shown that the phase responses of normal symmetric complex Daubechies scaling functions, which are often treated as linear phase [1] , [2] , have the smallest linear correlation coefficients.
Both the real orthogonal wavelet and the symmetric complex orthogonal wavelet can only have symmetric amplitude spectra. However, in practice, for the general complex signals, asymmetric amplitude spectra are often needed. To this end, we developed a method to design general complex orthogonal filter banks and their associated wavelet bases by a parameterization scheme of complex orthogonal filter banks. Note that this is similar to their real-valued cousin. Some design examples were given. The design results show that the waveshape of complex wavelet bases and their associated filters can be easily adjusted by changing the angle parameters.
In analogy with real filter banks [7] , [9] , the parameterization of complex filter banks can also provide an effective structure and algorithm for implementation. Furthermore, it can be used as an effective method for selecting optimal wavelet bases and filter banks. The parameterization of complex filter banks changes the constrained optimization problem to an unconstrained problem, which can be easily solved by numerical algorithms. An appropriate criterion can be chosen and a similar optimization method used in choosing real wavelet bases [28] [29] [30] and can be used to choose optimal complex orthogonal wavelet bases and filter banks. Similarly, the method can also be used to select optimal complex wavelet packet bases.
APPENDIX A
Assume filter has even length , and is conjugate symmetric ; then (25) The frequency response is then Re (26) where Re This is the same form as in (6), i.e., filter is linear phase. However, if is only symmetric , then (26) becomes (27) Obviously, when is a general complex series, the above cannot satisfy the linear-phase form of (6). 
